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Abstract. This paper investigates the spectral problem of the Laplace operator 

defined on a circle. The problem is formulated on a one-dimensional compact 

smooth manifold under periodic boundary conditions. It is shown that the Laplace 

operator is a self-adjoint and positive operator with a purely discrete spectrum. The 

eigenvalues are explicitly determined and form an unbounded increasing sequence, 

while the corresponding eigenfunctions are represented by trigonometric functions. 

These eigenfunctions constitute a complete orthonormal basis in the Hilbert space 

𝐿2(𝑆1) establishing a direct connection between the spectral decomposition of the 

Laplace operator and classical Fourier analysis. In addition, the asymptotic 

behavior of the eigenvalues is analyzed and shown to be consistent with general 

spectral laws for compact manifolds. The results obtained provide a clear and 

rigorous framework for understanding fundamental spectral properties and have 

important applications in mathematical physics, particularly in quantum mechanics 

and heat conduction models. 
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Introduction. Spectral theory of differential operators plays a fundamental 

role in modern mathematical physics, functional analysis, and geometry. Among 

these operators, the Laplace operator occupies a central position due to its wide 

applicability in describing physical phenomena such as heat conduction, wave 

propagation, quantum mechanics, and vibration analysis. The investigation of 
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spectral properties of the Laplace operator on manifolds with simple geometry 

provides essential insight into more complex spectral problems. 

The circle represents one of the simplest compact one-dimensional manifolds 

without boundary, making it an ideal model for studying the spectral problem of the 

Laplace operator. Despite its apparent simplicity, the Laplace operator on a circle 

exhibits rich mathematical structure, closely connected with Fourier analysis, 

eigenvalue distributions, and periodic boundary conditions. The explicit form of 

eigenfunctions and eigenvalues allows for a complete and rigorous spectral 

characterization, which serves as a benchmark for understanding spectral behavior 

on higher-dimensional or more intricate manifolds. 

The spectral problem of the Laplace operator on a circle is formulated as an 

eigenvalue problem for a second-order differential operator with periodic boundary 

conditions. Its solutions are closely related to trigonometric functions, and the 

resulting spectrum is discrete and unbounded. These properties make the circle an 

important testing ground for theoretical concepts such as spectral asymptotics, 

eigenvalue multiplicity, and completeness of eigenfunction systems. 

Moreover, studying the Laplace operator on a circle has significant 

implications beyond pure mathematics. In physics, it models quantum particles 

constrained to move on a ring, circular membranes, and periodic media. In 

engineering and signal processing, the spectral decomposition on a circle underlies 

harmonic analysis techniques used in data representation and filtering. 

The aim of this paper is to analyze the spectral problem of the Laplace 

operator on a circle, focusing on the formulation of the eigenvalue problem, the 

derivation of eigenvalues and eigenfunctions, and the investigation of their 

fundamental properties. By providing a clear and systematic exposition of this 

classical problem, the paper contributes to a deeper understanding of spectral theory 

on compact manifolds and establishes a foundation for further generalizations and 

applications. 
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Literature Review. The spectral theory of the Laplace operator has been 

extensively studied in classical and modern mathematical literature. Foundational 

results in this field were established within the framework of functional analysis and 

partial differential equations, where the Laplace operator serves as a prototypical 

example of a self-adjoint elliptic operator on compact manifolds. Early systematic 

treatments of eigenvalue problems for second-order differential operators can be 

found in the seminal works of Richard Courant and David Hilbert, who laid the 

theoretical foundations of spectral analysis and variational methods. Their 

contributions clarified the relationship between boundary conditions, eigenvalue 

distributions, and orthogonality of eigenfunctions [1,2]. 

A comprehensive functional-analytic approach to the spectral problem of the 

Laplace operator is presented in the works of Michael Reed and Barry Simon, where 

self-adjoint operators, spectral decomposition, and unbounded operators in Hilbert 

spaces are studied in depth. These works emphasize the role of compactness and 

periodic boundary conditions, which are directly relevant to the Laplace operator on 

a circle. The explicit solvability of the problem on one-dimensional compact 

manifolds is often used as an illustrative example for general spectral theorems. 

From a geometric perspective, the spectral properties of the Laplace operator 

on compact manifolds, including the circle, have been analyzed within spectral 

geometry. Classical results demonstrate how the geometry and topology of a 

manifold influence the structure of the spectrum. In this context, the circle serves as 

a fundamental example where the spectrum can be computed explicitly, allowing for 

a clear illustration of abstract geometric principles. Studies in this area highlight the 

discreteness of the spectrum and the symmetry-induced multiplicity of eigenvalues. 

The connection between the Laplace operator on a circle and Fourier analysis 

is well documented in harmonic analysis literature. Periodic functions on a circle 

naturally lead to Fourier series expansions, where eigenfunctions of the Laplace 

operator form a complete orthonormal basis in appropriate function spaces. This 

relationship has been explored in numerous textbooks and research articles, 
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emphasizing the importance of trigonometric eigenfunctions in solving differential 

equations with periodic conditions. 

In applied mathematics and physics, the spectral problem of the Laplace 

operator on a circle has been investigated in relation to quantum mechanics, wave 

propagation, and heat transfer in periodic or circular domains. The model of a 

quantum particle on a ring, for instance, relies directly on the spectral properties of 

the Laplacian under periodic boundary conditions. Such applications demonstrate 

that the theoretical results obtained for the circle are not merely abstract but have 

direct physical interpretations. 

Overall, the existing literature provides a solid theoretical and applied 

foundation for the study of the spectral problem of the Laplace operator on a circle. 

However, revisiting this classical problem remains valuable, as it offers a clear and 

rigorous setting for illustrating fundamental concepts of spectral theory and serves 

as a reference point for more complex generalizations to higher-dimensional or 

nontrivial geometries. 

Main Part. 1. Mathematical Formulation of the Problem. 

Let 𝑆¹ denote a circle of length 𝐿, parametrized by the interval [0, 𝐿] with 

periodic identification of endpoints. The Laplace operator is defined as: 

𝛥𝑢(𝑥)  =  𝑑²𝑢(𝑥)/𝑑𝑥² 

The spectral problem is formulated as: 

− 𝑑²𝑢(𝑥)/𝑑𝑥² =  𝜆𝑢(𝑥), 

with periodic boundary conditions: 

𝑢(0)  =  𝑢(𝐿), 𝑢′(0)  =  𝑢′(𝐿). 

2. Self-Adjointness and Spectral Properties 

The operator 𝐴 =  −𝑑²/𝑑𝑥² acting on the Hilbert space 𝐿²(𝑆¹) is self-adjoint, 

positive, and has a discrete spectrum. 
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Its eigenvalues are real, non-negative, and have finite multiplicity. 

The eigenfunctions form a complete orthonormal basis in 𝐿²(𝑆¹). 

3. Eigenvalues and Eigenfunctions 

For 𝜆 =  0, the solution is a constant function, hence λ₀ = 0. 

For λ > 0, solutions take the form: 

𝑢ₙ(𝑥)  =  𝑐𝑜𝑠(2𝜋𝑛𝑥/𝐿),   𝑣ₙ(𝑥)  =  𝑠𝑖𝑛(2𝜋𝑛𝑥/𝐿), 

with eigenvalues: 

𝜆ₙ =  (2𝜋𝑛/𝐿)², 𝑛 ∈  ℤ. 

Each nonzero eigenvalue has multiplicity two. 

4. Orthogonality and Completeness 

The eigenfunctions constitute an orthonormal basis in 𝐿²(𝑆¹). 

Any function 𝑓 ∈  𝐿²(𝑆¹) can be expanded into a Fourier series using these 

eigenfunctions. 

5. Spectral Asymptotics 

The eigenvalues satisfy the asymptotic relation: 

𝜆ₙ ~ (2𝜋𝑛/𝐿)² 𝑎𝑠 𝑛 →  ∞, 

which is consistent with Weyl-type asymptotic laws for compact manifolds. 

6. Physical Interpretation 

The model describes a quantum particle on a ring and heat propagation in 

circular media. Eigenvalues correspond to energy levels, while eigenfunctions 

describe stationary states. 

Conclusion. In this paper, the spectral problem of the Laplace operator on a 

circle has been investigated in a rigorous and systematic manner. By formulating the 
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problem on a one-dimensional compact manifold with periodic boundary conditions, 

the study demonstrates how fundamental concepts of spectral theory can be 

explicitly realized in a simple geometric setting. 

The analysis shows that the Laplace operator on a circle is a self-adjoint, 

positive operator with a purely discrete spectrum. The eigenvalues are explicitly 

determined and form an unbounded sequence, while the corresponding 

eigenfunctions are given by trigonometric functions. The multiplicity of nonzero 

eigenvalues reflects the rotational symmetry of the circle, highlighting the close 

connection between geometry and spectral properties. 

It has been established that the system of eigenfunctions constitutes a 

complete orthonormal basis in the Hilbert space 𝑳𝟐(𝑺𝟏). As a result, any square-

integrable function on the circle admits a Fourier series representation, confirming 

the equivalence between the spectral decomposition of the Laplace operator and 

classical Fourier analysis. This property plays a crucial role in both theoretical 

investigations and practical applications. 

Furthermore, the asymptotic behavior of the eigenvalues is consistent with 

general spectral laws for compact manifolds, illustrating how the circle serves as a 

fundamental example for understanding more complex spectral phenomena. The 

explicit solvability of the problem provides valuable insight into the structure of 

eigenvalue distributions and serves as a reference model for higher-dimensional or 

more intricate geometries. 

In conclusion, the spectral problem of the Laplace operator on a circle not 

only offers a complete and transparent mathematical framework but also forms a 

conceptual bridge between abstract spectral theory and applied fields such as 

quantum mechanics, heat conduction, and signal processing. The results obtained in 

this study may serve as a foundation for further generalizations, including 

perturbations of the operator, non-uniform metrics, or extensions to higher-

dimensional compact manifolds. 
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